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1 Introduction
The obtention of a desired degree s BBP-type formulas proceeds in two stages

1. The polylogarithm constant of interest is first expressed as a linear combination
of the real or imaginary parts of polylogarithms.

2. The following identities for the real and imaginary parts of a polylogarithm func-
tion are then employed to write each constituent term of the linear combination
as a BBP-type formula and the indicated combination is then formed:
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for p € [0,1], z € R and s € Z*. In the above equations, Li is the notation for
the polylogarithm function defined by

(o) Zk
Ijsp]::j{:Z;, |2 < 1.
k=1

To accomplish the first stage, polylogarithm functional equations are evaluated at
certain carefully chosen coordinates.

2 Generators of Degree 2 BBP-type Formulas

The dilogarithm reflection formula (Eq. A.2.1.7 of [1]) is

2
% —InzIn(1 — ) = Lig[z] 4+ Lig[1l — 2] .

Putting = 1/2 in the above formula gives the well-known result:

2 W®2 [l
2 g [2] ®)

A two-variable functional equation for dilogarithms, due to Kummer (Eq. A.2.1.19
of [1]) is
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Putting = —1 and y = 1/2 in Kummer’s formula gives
. 1 . |1 . 1
In?2 = 2 Li, {—8] — 4 Liy M — 4 Liy {—2} (5)
Putting = exp(im/3) and y = 1/2 in Kummer’s formula gives
Nt i |1
72 = 72 Re Lis [2 exp (3)} — 18 Liy {4] (6)

Putting = 1/2 and y = exp(ir/2) in Kummer’s formula gives
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Putting = —1 and y = (1 + 4)/2 in Kummer’s formula and taking real and

imaginary parts give

In2 1 i 1 .
71'8n = 2Im Li, {2exp (Z;T)} — 2Im Li, {2\/5 exp (T)}

—ImLi, {4\1/5 exp (ZD] (8)
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Another two-variable functional equation for dilogarithms, due to Abel (Eq. A.2.1.16
of [1]) is

and
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—Lig [z] — Lis [y] — In(1 — 2) In(1 — y) .
Putting x = ¢ and y = —1 in Abels formula and taking real and imaginary parts,
gives
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Putting z = 1/2, y = exp(iw/3) in Abels formula and taking the imaginary part,

gives

501, (5) —ln2 = 6Tm Ly B exp <7;>}

Putting x = ¢ = y in Abels formula and taking real and imaginary parts, gives

572 In®2 1 j 1 3mi\ ]
%— n4 = Re Liy [2exp (g)} — 2Re Lis [ﬂexp <Zl)

and
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3 Base 2'2 Formulas

Solving Egs. (11)) and (14) simultaneously, we find
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Solving Egs. (12) and (15)) simultaneously, we find

G =31Im Li, [\}i exp (347”” — Im Lis {(\/15)3 exp <7Z)]

and

1 ; 1 :
71In2 = 16 Im Lis [\/5 exp (Tﬂ — 4Tm Liy [2 exp (7;’)}
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3.4 BBP-type formula for Catalan’s Constant G

4 Base 2% length 120 Formulas

Solving Egs. (3) and (9)) simultaneously, we have

1 e 1 s
2 _ 2 ;
7 = 192RelLiy {Zexp<2)]+192ReL12 [Qﬂexp<4>}
e

—96 Re Liy {43@ exp <4)] — 24 Li, M (20)

and

'y _ 3meln [ Lexp (T L e (T
log2 = 32RelLiy {2exp 5 + 32 Re Liy 2\/§e><p 1

. 1 T |1
—16Re L12 |:4\/§ exp (4):| - 6L12 |:2:| (21)
Using Eq. (8) in Eq. (12), we have

o = ot Lo ()] sy (5]
—3TmLiy [2\1@ exp CD} — 2TmLi, {4;5 exp (T)} (22)

4.1 BBP-type formula for 7

Writing each member of Eq. (20) as a base 250, length 120 series and forming the
indicated linear combination leads to the binary BBP-type formula



3
2ﬂp(z, 260120, (0, —258,3% . 278 3% . 257 _52.9256 956

7. 255) 32, 255) _254’ 0, _33. 253, 0, _2527 7. 251, 7. 251)()7 _250, 0, 253’
32. 2497 _248707 52. 2477 52. 2467 _2467 32. 2467 _32. 245707 _244707 7. 2437
_32. 243, 7242’ _52. 241’ _33. 241’ 0, 72407 _32. 2407 _32. 2407 0, 7238’0,
32, 237, 7. 2367 _236,07 52. 235, 0, _234’ 32. 234’ _32. 233’ 0, _2327 52. 2317
7. 2317 32, 2317 _2307 0, _230’ 0, _2287 _32. 228’ 7. 227’ 52. 2267 _226707

_32. 225’ 32. 2257 _224707 52 . 223707 _2227 7. 2217 _32. 2217 0, _220707

_32. 220, _32. 219, 7218’ 0, _33. 217, _52. 216’ 72167 _32. 216’ 7. 215’ 0,
_214’ 0, 32, 213’ 32. 213’ _2127 52. 211, 52, 211’ 0, _210’ 32. 2107 213’
0,—28,0,7-27,7-26 —26 0,-3%.25 0,24 —32.2% 7.23 0,22,
—5%.2,-32.2,3%.2,-1,0,0)) (23)

4.2 BBP-type formula for log?2

Writing each member of Eq. (21) as a base 250, length 120 series and forming the
indicated linear combination leads to the binary BBP-type formula

log? 2

1
= ﬁp(z 260120, (0, —3 - 259,32 . 260 _19.258 _52.258 _3.957 q,

13256 —-32.957 _3.2% 0,—5.11-2%%,0,—3-2%, 7.2%,13.2%2, 0, -3 2%, 0,
31 2507 32. 2517 _3. 249’ 0, 72 248’ 52 . 248, _3. 247’ 32. 248’ ~19. 246’ 0,
—3.2%.0,13. 2%, —32.2%5 _3.9%3 _52.9%1 _5.11.2%2 0,—-3.2% —32.242
—37.2%.0,-3.2%.0,-19-2%8 —7.238 _3.237 (,72.236 0, -3.235 32.236
—19-2%%0,-3-233,52.233 13.2%2 _32.233 _3.9231 0,—5.2%0 0,-3.2%,
—32.923013.928 52.928 _3.927 (0 —19.226 32.9227 _3.925 ( 72.2% q,

—3.223 —7.22 _19.2%2 0, —3.2%1 0,—-37.220, —32.221 _3.219 0, —5.11.2'8,
—52.218 _3.917 _32.918 13.916 0 _3.215 0, —19.2% 32.215 _3.213
52.213 72.212 0, —3.2!1 32.212 31.210 0, -3.29 0,13-2% 7.28 —3.27,
0,—5-11-2%,0,—3-2% —-32.2613.2%0,-3.2% —52.23 —19.22,
32.2%.-3.2,0,—-1)) (24)

4.3 BBP-type formula for 71n2

Writing each member of Eq. (8) as a base 20, length 120 series and forming the
indicated linear combination leads to the binary BBP-type formula



1
mwlog2 = ﬁp(z, 269120, (0,29, —3% . 2570, —5% - 2°5, 13- 256 0,0, —3% . 254 —17 . 2%3,

0,0,0,—2%%, —7-2%0 0,0,13-2%,0,0,3%- 2% —250 0,0,5%.215 218 _32.2% 0,0,
—213.0,0,—32% . 242 24 52.210 0 0,—212 32.2% 0,0,13-2%,0,0, -7 - 23°, —238,
0,0,0,—17-2%, -32.233 0,0, —13- 2%, —52. 230 0, —32.2%0 232 0,0,0, —2%°,
32.2%70,52.2%5,13.2%6,0,0,3%- 224 17-2%,0,0,0,224,7- 220, 0,0, —13 - 229,
0,0, _32. 218’ 22070707 52, 2157 _218732 . 2157 0,0, 213’ 0, 0732 . 2127 _2147 52, 2107
0,0,2'2,-32.2,0,0,—13-2%,0,0,7-2° 28,0,0,0,17-2%,3%.22,0,0,
13-2%,52,0,32%,-22,0,0)) (25)

4.4 BBP-type formula for Catalan’s Constant G

Finally, writing each member of Eq. (22) as a base 2°, length 120 series and forming
the indicated linear combination leads to the binary BBP-type formula

]. |4 = |4
G = ﬁp(2,260,120,(7209,3-7-259,77.260,0,772.207,—3~261,2°6,0,

—7.257,-29.255 954 0,253 _3.7.253 _11.253 0,—2%1 3.255 250 ¢,

7. 251’ _3.7. 249’ 248707 72 247,3 7. 247’ 7. 24870’ 245’ 2467 244’ 0,

7. 2457 3.7. 243’ 72 2427 0, 2417 _3.7. 2417 7. 242707 _239,3 . 2437 _238’
0,—11-238 —3.7.237 236 0, —23° —929.235 _7.936 (233 _3.237 _72.932
0,—7-2%,3.7.23 930 022 _3.7.220 7.230 0, 72.227 3.231 _9%6 ¢,
7.227.99.9% 924 0 —22% 3.7.2%3 11.223 0,22, —3.2% 220 0, —7. 2%},
3.7. 2197 _218, 0, _72. 2177 _3.7. 2177 7. 21870’ _2157 _216, _214’ 0,7- 215,
—3.7-213 —72.212 0, 2! 3.7.211 _7.212 029 —3.213 98 0 11.28,
3.7-27,-260,25,29.25,7.26,0,—23,3.27,72.220,

7-23,-3.7-2,1,0)) (26)

5 A Degree 2 Zero Relation

Eliminating 7log 2 between Eq. (8) and Eq. (19) gives the identity

1 ; 1 ;
0 = 5ImLis [2 exp (Z;T)] — 4TmLiy [ﬂ exp <ZT>}

2t | o (T )] - 2mih | e ()] @D

from which we get, immediately, the binary BBP-type zero relation



0 = P(2,250,120,(—2%,3.20 —11.257 0,232, —3.7.2% 2% 0 —11.2% —13.2%,
—2%4.0,2%% —3.2% —7.2%2 0,—251 3.7.2%0 250 ( 11.2%8 _—3.250 218
23.216 3. 918 _11.215 0,245,216 24 0, —11.2%2 3.2% 23.24 0,2 —3.2%2
11-2%9,0,-2%9,3.7.238 238 0, —7.2%7 —3.238 236 o, 235 _13.23 —11.2% 0,
233 -3.7.2%2 -23.231 0,—11.2303.232 230 0,229 —3.230 11.2%7 0,23 2%,
3.7.2%6 926 0, 11.2%4 13.2%4 224 0, —2%3,3.2%4 7.222 0,221 _3.7.2%0 920
0,—11-218,3.220 218 o _23.216 _3.218 171.215 o, —215 216 _9ol4 ( 11.2!2
—3.21 _93.9211 0, -2 3.212 _11.290,2° —3.7-28,280,7-27,3.28 —26 0,
25.13-2%,11-2%,0,-2%3-7-2%,23.2,0,11,-3- 2% 1,0)) (28)

6 Conclusion
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